Abstract. We prove a stability result for damped nonlinear wave equations, when the damping changes sign and the nonlinear term satisfies a few natural assumptions.
1. Introduction and motivations. We are concerned with some classes of nonlinear abstract damped wave equations, whose prototype is the usual wave equation in a bounded domain Ω ⊂ R N , N ≥ 1,    u tt − ∆u + h(t)u t = f (u) in (0, +∞) × Ω, u(t, x) = 0 in (0, +∞) × ∂Ω, u(0, x) = u 0 (x), u t (0, x) = u 1 (x) x ∈ Ω, (1) though we can handle equations in a more general Banach setting like u + B(t)u + Au = f (u), with B and A suitably given (see Section 2 for the precise setting).
The inspiring problem is, for p ≥ 0,    u tt − ∆u + h(t)u t = −|u| p u in (0, +∞) × Ω, u(t, x) = 0 in (0, +∞) × ∂Ω, u(0, x) = u 0 (x), u t (0, x) = u 1 (x) x ∈ Ω, (2) which is the counterpart of the one studied by Levine, Park and Serrin in [9] ,    u tt − ∆u + h(t)u t = |u| p u in (0, +∞) × Ω, u(t, x) = 0 in (0, +∞) × ∂Ω, u(0, x) = u 0 (x), u t (0, x) = u 1 (x) x ∈ Ω, (3) where, of course, the only difference is that they have f (u) = |u| p u, instead of our f (u) = −|u| p u. We recall that in [9] the authors prove that solutions of (3) may blow up in finite time if h ≥ 0.
In this paper we have in mind (2) with a kind of intermittent damping h which changes sign, so that it is positive in a sequence of intervals diverging to infinity and negative in another sequence of intervals diverging to infinity. In these latter regions the energy increases, so that the standard energy method is not useful at all to derive stability results. However, we show that this approach is still useful if the damping satisfies some structure condition, for example if the set of interval where it is negative is not too large if compared to the set where it is positive (see the precise general condition (18) below). The interest in intermittent timedependent damping goes back to the nineties, for example with the papers [15] and [6] , where the authors were interested in ordinary differential equations (or systems). Then, Haraux, Martinez and Vancostenbole in [5] considered this kind of time-dependent damping for the linear wave equation and provided some sufficient conditions that ensure asymptotic solutions of every solutions. In this paper we consider nonlinear wave equations controlled by sign-changing distributed damping and we give sufficient conditions for asymptotic stability to holds. However, as in the linear case (see [5] ) and in the nonlinear case but with nonnegative damping (see [3] ), we are not able to show that the required condition for stability is also necessary.
Moreover, as Pucci and Serrin in [15] , we do not prove any existence result under our general assumptions on the nonlinearity, but we assume that a global solution exists. On the other hand, some existence results can be shown in special cases: for example, for the linear homogeneous problem studied in [5] , an existence result is exhibited by using standard arguments on Lipschitz perturbations of contraction semigroups.
Analogue stability results were obtained, for example, in [10] , where stability is proved for the following linear problem:
where h : Ω → R may have negative values, but in a set which is small if compared to the set where it is positive. In this way the authors generalize previous results in the 1-dimensional case by Freitas-Zuazua ( [4] ) and Benaddi-Rao ( [1] ). But of course, here the damping depends on the spatial variable, and not on the time variable, as it happens in some applications in aerodynamics and mesodynamics which we have in mind. For example, nose wheel shimmy of an airplane is the consequence of a negative damping, which is controlled by a suitable hydraulic shimmy damper which induces a positive damping ( [17] ). Another example of sign-changing damping comes from Quantum Field Theory and Landau instability (see [7] ) and from mesodynamics with the laser driven pendulum, which is a long period pendulum forced by external means into a "far-from-equilibrium" condition by anisotropic friction (so that the damping changes sign, see [2] ). En passant, we recall that negative damping may appear in every-day-life, for example Gunn diodes, used as source of microwave power, and suspension bridges ( [8] , [14] , [11] , [12] ), which may experience negative damping in a catastrophic way, like Takoma Bridge.
To our best knowledge, this paper contains the first stability results for solutions of nonlinear damped wave equations with time-dependent sign-changing damping. In particular, as already said, we are interested in a nonlinear function f whose prototype is f (u) = −|u| p u. We recall that such a model was already considered in [16] for systems of ordinary differential equations. However, it is impossible to compare our results with previous ones contained in the papers cited so far, since up to now only nonnegative dampings have been considered for nonlinear partial differential equations.
2. The abstract setting. Having in mind (1), we will use the following abstract setting: let us consider a second order evolution equation of the form
and its associated Cauchy problem
Here H denotes a real Hilbert space with scalar product ·, · H and norm · H , A : D(A) ⊂ H → H is a linear self-adjoint coercive operator on H with dense domain, and
with dense embeddings, so that there exists λ 1 > 0 such that
Of course, in the model case
(Ω) and λ 1 is the first eigenvalue of −∆ on H 1 0 (Ω), so that the previous inequality represents the classical Poincaré inequality.
By solution of (6), we mean a function u such that for any T > 0 there holds
with u(0) = u 0 , u (0) = u 1 , and such that
We assume that the problem is variational, i.e. there exists a real-valued functional F such that F(0) = 0 (just for the sake of simplicity) and F (u)(φ) = f (u), φ V ,V for any u, φ ∈ V . Of course, in problem (1) we have
p+2 for the model case. For any solution u of problem (6) we denote by E u , or simply by E if there is no confusion, the energy of such a solution, i.e.
Finally, we assume that B ∈ L ∞ (0, T ; Lip(H, H )) for any T > 0, that B(t) is a bounded operator and B(t)0 = 0 for any t ≥ 0, and that f is continuous. Under the same assumption, when f ≡ 0, in [5] the result established in the following lemma is given; it still holds true in the nonlinear case thanks to the assumption f (u) ∈ L 2 (0, T ; H). The proof is an adaptation of the one given therein and is thus omitted.
Lemma 2.1. For any solution u of (6) we have
We will also need the following obvious corollary.
Lemma 2.2. If B(t)w, w H ≥ 0 (resp. ≤ 0) for a.e. t in a given interval I and for every w ∈ H, then for any solution u of (6) the associated energy E u is non increasing (resp. decreasing) in I.
Remark 2. In the case of problem (1) equality (9) reads
which is non positive in an interval I if h ≥ 0 a.e. in I and non negative if h ≤ 0 a.e. in I.
3. The positive-negative damping. As already said, concerning the nonlinearity f , our prototype is the function f (u) = −|u| p u, p ≥ 0, which obviously satisfies
We also remark that this sign assumption on f seems quite reasonable and hard to relax. Indeed, it is well known that solutions of u tt + a(x, t)u t − ∆u = |u| p u in Ω, a(x, t) ≥ 0 and p > 0, may blow up in finite time (see, for example, [9] ), so that asymptotic stability is a senseless requirement.
The inequality expressed in (10) , in the abstract case is replaced by the condition that
though it would suffice to hold only for those u's which solve (6) . Of course this condition, in effect, reduces to (10) in the model case of problem (1). Finally, we consider a time-dependent operator B with the property that B ∈ L ∞ loc (R + , Lip(H)), and more precisely we focus on a positive-negative B. For this kind of damping we consider, as in [5] , a sequence of open and disjoint intervals I 2n := (a 2n , a 2n+1 ) and I 2n+1 := (a 2n+1 , a 2n+2 ) of (0, ∞) with the property that a n < a n+1 for any n ∈ N and a n → ∞ as n → ∞.
We make the following assumption:
Hypothesis 3.1. For all n ∈ N, there exist three positive constants, m 2n , M 2n , and M 2n+1 , such that
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The previous assumption means that B is a positive operator on I 2n and a negative operator on I 2n+1 . Thus, by Lemma 2.1, the energy decays on the time intervals I 2n and increases on the time intervals I 2n+1 . Indeed, in the model case this situation corresponds to a damping h which is strictly positive in I 2n and strictly negative in I 2n+1 .
In order to prove our main result we recall the following theorem. 
(16) Moreover, suppose that (7) and (11) hold. Then any solution u of equation (5) satisfies
where we have set T := b − a.
We recall that in the model case with f (s) = −|s| p s, it results F (s) ≤ 0 for any s, so that also F(s) ≤ 0. More generally, this condition is satisfied if sf (s) ≤ 0 for any s; this condition is again satisfied by the model case, and therefore we require this assumption also in the general setting of our next result, the main theorem of the paper.
For the sake of simplicity, now we set T n = length of I n .
Theorem 3.2. Assume (7), (11) and Hypothesis 3.1. Moreover assume that F ≤ 0 and that
Then for every (u 0 , u 1 ) ∈ V × H, if u solves problem (6), then u is asymptotically stable, i.e. E u (t) → 0 as t → ∞.
Proof. For all n ∈ N, applying Theorem 3.1 on I 2n , we obtain
On the other hand on I 2n+1 , by (9), (14), (8) and using the fact that F ≤ 0, we have
Using (19), one has then we obtain the stability result. But this is equivalent to (18), and thus E u (t) → 0 as t → ∞.
Example 1.
A simple but interesting case is to consider the uniformly distributed damping, that is M 2n = m 2n , M 2n+1 = M and T 2n = T ; an easy calculation shows that condition (18) is satisfied if T 2n+1 < ∞.
Remark 3. We wish to underline again the fact that (18) is a sufficient condition for stability and that it is a condition on the lengths of the time intervals where the damping is positive or negative and the maximal and minimal values of the damping in those intervals. In particular we remark that the distribution of those intervals has no relevance. Therefore, the result of the present paper, together with the result of [5] , shows that, in some sense, the "uniformly damped" wave equation behaves like ordinary differential equations. This is opposite to the case of the wave equation subject to a "locally distributed" damping or to a boundary damping, as shown in [13] , where the authors prove that the distribution of the intervals plays a crucial rôle, due to the optic rays propagation. This facts together seem to suggest that the possibility to extend known results from ODE's to PDE's strongly relies in considering a uniformly distributed damping.
Some applications.
A particular case of the abstract problem considered in the Section 3 is the following nonlinear wave system in a bounded domain Ω of R N , N ≥ 1:
where the following assumptions are made:
. Indeed, with the assumption above, the term h(t)u t can be easily replaced by the nonlinear term h(t)g(u t ). In this case Theorems 3.1 and 3.2 read respectively as follows. 
Suppose that (A) holds. Then every solution of
verifying homogeneous Dirichlet boundary conditions, satisfies
Theorem 4.2. Let (a n , b n ) n be a sequence of disjoint open intervals in (0, +∞) with a n → +∞ and assume that Hypothesis 3.1, conditions (18) and (A) hold true. Then for every
Of course the abstract setting we gave in Section 2 lets us deal with higher order problem in a bounded and smooth domain Ω ⊂ R N . For instance, consider the following evolution problem in presence of a polyharmonic operator: Theorem 4.3. Let (a n , b n ) n be a sequence of disjoint open intervals in (0, +∞) with a n → +∞ and assume that Hypothesis 3.1 and conditions (18) and (A) − (B) hold true. Then for every (u 0 , u 1 ) ∈ D(∆ m ) × L 2 (Ω) the solution u of problem (H) is such that E u (t) → 0 as t → +∞.
